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We model the emission of high energy photons due to relativistic charged particle motion in intense
laser-plasma interactions. This is done within a particle-in-cell code, for which high frequency radia-
tion normally cannot be resolved due to finite time steps and grid size. A simple expression for the
synchrotron radiation spectra is used together with a Monte-Carlo method for the emittance. We
extend previous work by allowing for arbitrary fields, considering the particles to be in instantaneous
circular motion due to an effective magnetic field. Furthermore, we implement noise reduction tech-
niques and present validity estimates of the method. Finally, we perform a rigorous comparison to the
mechanism of radiation reaction, and find the emitted energy to be in excellent agreement with the
losses calculated using radiation reaction.VC 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4916491]
I. INTRODUCTION
The evolution of laser systems has prompted an evolu-
tion in the modeling of laser-matter interactions, in particu-
lar, ultra-intense laser-matter interactions. Up until now,
laser generated plasmas have behaved in a classical manner
(with a few exceptions See Refs. 1–3), and they have been
successfully modelled using so called particle-in-cell (PIC)
schemes.4,5 However, with planned upgrades of current laser
systems, as well as new large-scale facilities,6–8 there is a
need to push the modeling of laser-matter systems even fur-
ther. It is expected that semi-classical and/or quantum elec-
trodynamical (QED) effects could have a significant effect
on the interaction between ultra-intense lasers and matter tar-
gets. Merging these semi-classical or QED effects with the
classical codes presents a significant challenge, in particular,
since (a) the classical and the quantum systems have differ-
ent mathematical setups, (b) there are still scarce experimen-
tal data to compare with, and (c) the classical and QED
scales are very different. Thus, great care has to be taken
when modeling, e.g., the quantum version of radiation reac-
tion.9,10 However, before the onset of a fully “quantum”
behavior of these systems, there are regimes where we can
have significant emission of radiation in terms of high fre-
quency photons. Such emissions can be interesting in their
own right, but also constitutes a testbed for efficient compu-
tational models.
The traditional PIC scheme is well suited for the simula-
tion of lasers interacting with classical plasmas. However,
the future high-power laser regime will have the capacity of
producing ultra-relativistic particles radiating with frequen-
cies that the PIC grid will be unable to resolve.
With the particles seen to be in instantaneous circular
motion with the frequency xH, they will emit high frequency
synchrotron radiation with a typical frequency11,12
xc ¼ 32xHc3.
Thus, the typical frequency xc grows rapidly as we
increase the c-factor. This occurs as the radiation reaction
force on the particles begin to be of importance, and the
energy loss of the particles due to this could be seen as an
account of the radiated energy leaking into the unresolvable
part of the spectrum.
Here, we present a simple runtime algorithm for emitting
high frequency radiation in the form of particles. We extend
previous work13 by considering the particles to be in instanta-
neous circular motion due to an effective magnetic field, thus
accounting for acceleration from arbitrary fields. This gives a
simple and computationally scalable method for real-time
emission of highly energetic photons in a PIC simulation.
II. THE FIELD SETUP
The traditional PIC approach treats a plasma as an en-
semble of charged particles moving in an electromagnetic
(EM) field defined on a grid. The radiation from these par-
ticles is accounted for via current densities defined on the
grid. In such way, using the equations of motion for the par-
ticles and Maxwell’s equations for the EM-field, we can
describe the energy circulation between the particles and the
EM-field in a self-consistent way.
This approach, however, only takes into account the
radiation that is resolved by the grid. Radiation with fre-
quency above xgrid ¼ c=Dx, where Dx is the distance
between grid points and c is the light velocity, cannot be
resolved by the grid as the wavelength then is smaller than
the sampling distance.
As we increase the laser intensity, the particles can reach
higher energies. This will extend the spectral range of the
synchrotron emission, whose typical frequency scales as11
xc ¼ 3eHeff
2mc
c2; (1)
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where e and m are electron charge and mass, respectively, c
is the electron gamma factor, and Heff is the effective mag-
netic field. This is defined as the magnetic field that can
cause the same transverse acceleration as an electron experi-
ences (from the combined electric and magnetic fields). One
could think that this inevitably raise the requirements on the
grid’s resolution and essentially ruins the possibility for sim-
ulation in the ultra-relativistic case.
Fortunately, it is possible to consider the EM-energy as
occupying two well-separated frequency domains.14 The first
region (high frequency) is associated with the individual syn-
chrotron emission of an electron, whereas the second (low
frequency) is associated with the coherent emission from
many electrons. We can then model the high frequency emis-
sion with particles (photons), in addition to the classical
fields.
III. SYNCHROTRON EMISSION
To calculate the classical emission spectra from particles
in a simulation, the natural starting point is the expression
d2I
dxdX
¼ e
2
4p2c

ð1
1
n n  bð Þ  b_ 
1 b  nð Þ2 e
ix tnr tð Þcð Þdt

2
(2)
for the radiation from an accelerated particle,12 where r is
the position of the particle, b ¼ v=c the velocity, and n is the
direction to the observer. Here, the integral of the particle
path during all times must be calculated, e.g., using data
from a PIC-simulation for the particle paths. Assuming
smooth paths for the particle in between time steps, one can
calculate the high frequency part of the spectra despite the
Nyqvist-Shannon sampling theorem3,15 (the end-point effect
in the integral is studied in Ref. 3). These post-processing
methods all have the setback of not being able to execute at
runtime, which is a demand if we wish to be able to inject
photons as particles in a PIC simulation. Furthermore, it is a
detailed way of calculating the emission which often exceeds
our needs.
An evident alternative is to calculate the integral in, Eq.
(2), real-time for each particle. To do this, we must neglect
some interference between contributions from different time
steps,10 as Eq. (2) involves the square of the integral over all
times. More disconcerting, this would be a very computa-
tionally costly method.
To reduce and control the computational costs, we will
present a statistical routine where we calculate the contribu-
tion from each time step and particle separately, using a sim-
plified expression for the radiation emission. This procedure
implies sacrificing the interference between emissions during
different time steps (e.g., neighbouring ones), which in prin-
ciple could pose a problem. However, it turns out that in
regimes typical for laser-plasma interactions with sufficient
laser intensity (i.e., when radiation reaction losses are impor-
tant), we can neglect the interference between neighbouring
time steps.
To understand the potential problem, and the accuracy
of this procedure, let us consider the case of an electron pass-
ing through the alternating fields of an undulator. As is well
known, the emission can have a synchrotron spectrum,
spreading up to hxmax  c3, (wiggler regime) for K  1 or
an undulator spectrum, spreading up to hxmax  c2 (undula-
tor regime) for K< 1, where K ¼ h=c1, (here h denotes the
maximum angle between local and global propagation). The
factor c2 in the undulator regime originates from a Lorentz
transformation, while in the wiggler regime, there is one
more c-factor due to the radiation being concentrated within
the angle c1 along the direction of local propagation, which
for an observer appears as a train of pulses with duration pro-
portional to c1.
As seen from these cases, interference of radiation from
neighbouring time steps can dramatically change the spec-
trum. For this problem, the procedure under consideration is
not able to distinguish if the emission has a synchrotron or
an undulator spectrum based solely on the current time step.
However, in terms of “arbitrary” EM-fields, as in laser-
plasma interaction, we can assume the wiggler regime to
be valid, if the time scale sEM of the EM-field variations
is larger than the time of the particle rotation by an angle
c1, which can be written as sEM > c1x1H , where xH
¼ eHeff=mcc is the effective cyclotron frequency for the
local motion. Using the estimates H ¼ amcxL=e (here a  c
is the field amplitude in relativistic units), we can rewrite
this constraint inequality, and thus assume a synchrotron
spectrum when
a1 < xLsEM: (3)
Radiation reaction losses become notable for a> 100 for
micron wavelength lasers, which implies xLsEM > 102.
Thus, we conclude that the emitted radiation can have a non-
synchrotron spectrum only if the radiating process provides a
significant energy conversion to the 100th harmonic, which
is a rather exotic case. Thus, for many laser applications, it is
reasonable to neglect interference between the radiation
emitted at different time steps and assume synchrotron type
of emission. However, this approximation needs to be kept
in mind.
For the above case, the recoil of the particles can be
described by the last term of the Landau-Lifshitz force11
fRR ¼  2
3
e2m2c
h2
v2v; (4)
where v is the particle’s velocity and v ¼ 2
3
hxc=cmc2 is the
ultra-relativistic case. This last parameter is a measure of the
typical emitted photon energy over the particle energy, and
for v > 1, a QED treatment of the problem is needed.2 The
radiation reaction force has previously been implemented in
PIC codes.16,17 Here, we focus at the accurate description of
the related synchrotron emission.
IV. MODELLING THE RELATIVISTIC CASE
We are interested in simulating the emission from rela-
tivistic particles formed in laser-plasma interaction.
Furthermore, our focus is on the unresolvable (as compared
to the computational scale parameters) high frequency part
of the spectrum, i.e., high energy photons. The emitted
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power due to the transverse acceleration of a particle is a
factor c2 larger than the emitted power due to the longitudi-
nal acceleration.12 Thus, for high energy electrons, the main
part of the emitted radiation is due to synchrotron radiation
(a?v). Likewise, the main source of high energy photons
will be due to the transverse acceleration of high energy
electrons.
We will consider the particles to be in instantaneous cir-
cular motion and, from their position and momentum during
two neighbouring time steps, determine the corresponding
effective magnetic field Heff . From this and the particle
energy, the corresponding synchrotron spectrum is deter-
mined from which we simulate the emission using a Monte-
Carlo method.
The energy radiated per unit frequency interval and unit
solid angle for a relativistic particle moving in an instantane-
ous circular motion is given by12
d2I
dxdX
¼ e
2
3p2c
xq
c
 2 1
c2
þ h2
 2
 K22=3 nð Þ þ
h2
1=c2ð Þ þ h2 K
2
1=3 nð Þ
" #
; (5)
where q is the radius of curvature, h the angle from the plane
of rotation, K1=3 and K2=3 are modified Bessel functions, and
n ¼ xq
3c
1
c2
þ h2
 3=2
: (6)
For strongly relativistic particles, the radiation is confined to
small angles (1=c) around the direction of propagation of
the particle. This is particularly true for the high frequency
radiation that is our prime interest.
To derive a method with computational economy, we
make use of the approximation that the emitted high energy
photons are along the direction of motion of the emitting par-
ticle.13 We can then integrate the emission spectra over all
angles to get an expression for the intensity of synchrotron
radiation as a function of frequency only, which can be writ-
ten as11
@I
@x
¼
ﬃﬃﬃ
3
p
2p
e3Heff
mc2
F
x
xc
 
; (7)
where
FðnÞ ¼ n
ð1
n
K5=3ðnÞdn : (8)
These expressions give us the basis for setting up your com-
putational scheme.
V. NUMERICAL IMPLEMENTATION
The method of synchrotron photon emission is imple-
mented in the PIC codes ELMIS3D and Picador,14,18 using
their shared “module-development-kit.”
The force dp=dt on the particle from the fields is known
and we calculate its average momentum p. Considering the
part of the change in momentum which is perpendicular to
the momentum, we can calculate the magnitude of the effec-
tive magnetic field Heff . As this field is perpendicular to the
plane of rotation, its magnitude is given by
Heff ¼ mcc
e
1
Dt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2dp2  p  dpð Þ2
q
p2
: (9)
In the expression above, the assumption is made that the
change in momentum is smaller than the average momen-
tum. This is in general a good assumption, but situations can
still occur in simulations in which it is violated. In the Boris
scheme19 for changing the momentum of the particles, half
the electric force is first applied, then a rotation due to the
magnetic field is performed, and finally, the remaining half
of the electric force can be applied. If the momentum of a
particle is greatly reduced by the electric field in the first step
then the magnetic field could turn it around completely and
finally it could be strongly accelerated “backwards” due to
the remaining part of the electric field. This would produce a
change in the momentum much greater than the average mo-
mentum and give a very large value of the effective magnetic
field, where in practice, a much smaller magnetic field was
changing the direction of a much less energetic particle. This
would give rise to noise in form of singular high-energy pho-
ton emission. This is resolved by imposing the upper limit
Dp?=p < 1 in Eq. (9).
A. Monte Carlo method
From the expressions for the effective magnetic field
and the energy of the particles, we know the corresponding
synchrotron spectra, i.e., the intensity of emitted radiation as
a function of frequency dI=dx, see Fig. 1. This can be
expressed as
dI ¼ 4
9
e3Heffxc
mc2
9
ﬃﬃﬃ
3
p
8p
F xð Þ
 
dx; (10)
where the integral over all x of the expression in the paren-
thesis is 1. To control the computational costs and the resolu-
tion of the output, we can alter the number of super-photons
to emit per super-particle and time step. This could be one or
several super-photons per super-particle and time step or it
FIG. 1. Emitted energy as a function of frequency for an ultra-relativistic
particle in circular motion. Typical frequency of radiation, xc is given by
xc ¼ 32 cq c3.
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could be less, choosing at random to emit only from a subset
of super-particles. Furthermore, one can, for this purpose,
control the number of real photons represented by a super-
photon, both individually and at runtime.
To test if a particle is to emit a photon, we pick a fre-
quency xemit randomly from a certain distribution. To reduce
the numerical noise, we take this distribution to have charac-
teristics similar to the synchrotron spectra, so frequencies,
where the synchrotron spectra are large, are generated more
often (to compensate for this, the probability of emission
will be divided by the value of the distribution). This is
achieved with the simplified function
SðxÞ ¼ 4=3x
1=3 if x < a;
7=9ex if x > a;

(11)
which has a similar asymptotic behaviour as the synchro-
tron spectra. The constant a  0:69021 is determined so
that
Ð1
0
SðxÞ ¼ 1. For this function, we can analytically
calculate
PðxÞ ¼
ðx
0
SðxÞdx (12)
and invert it to find xðPÞ. We then generate xemit by
xemit ¼ xðR0Þ, where R0 2 ½0 : 1 is a uniform (pseudo)ran-
dom number. The number of photons to emit is then given
by
dN ¼ dI=dx xemitð Þ
hxemitS xemit=xcð ÞDt; (13)
where the synchrotron function dI=dxðxÞ is given by Eq.
(10). With this often being a number less than 1, emission is
determined by comparing to a (pseudo)random number
R 2 ½0 : 1.
Thus, the steps employed in the computation of the syn-
chrotron photons are
(1) calculate Heff from the change in momentum (limiting
Dp?=p to 1),
(2) calculate the typical frequency xc from Heff ,
(3) generate a frequency for emission, xemit ¼ xðR0Þ,
(4) calculate the distribution value Sðxemit=xcÞ of the gener-
ated frequency,
(5) calculate probability of emission, dN, using xemit and
Sðxemit=xcÞ, and
(6) determine emission by comparing dN to random
R 2 ½0 : 1.
B. Limitations
As mentioned, the method calculates the emission using
data from only two neighbouring time steps for each particle.
Thus, there is no interference between radiation from differ-
ent time steps. However, we argued that this interference can
be neglected for laser-plasma interaction problems in
regimes where the radiation reaction force is of importance.
The method uses the classical expression for radiation
emission and is therefore not valid in the extreme case where
a full QED treatment is needed, i.e., cases where the quan-
tum parameter v is close to or more than 1.2,20 It still has a
very large span of validity with v < 1 for laser intensities up
to 1024 W=cm2. This means that the method can be used in
simulations of forthcoming high intensity laser systems.
VI. COMPARISON AND BENCHMARKING
Cyclotron motion is central for the developed method
and, by construction, it samples the correct synchrotron spec-
tra for an ultra-relativistic particle moving in an constant
external magnetic field.
We test the method using a laser wakefield setup, seen
Fig. 2. A linearly polarized laser with a duration of 20 fs, a
diameter of 8 lm (both given as FWHM), and an energy of
104J is shot against a hydrogen plasma. The plasma has a
density of N ¼ 3 1020 cm3 along the laser optical axis,
increasing parabolically by a factor 2 at a radius of 40 lm.
The simulation box is 80 lm 80 lm 20 lm distributed
on 512 128 64 cells with two particles per cell, comov-
ing with the laser pulse. Electrons are injected into the
wakefield by a plasma density profile, which increases line-
arly from 0 to 3N in 10 lm, then down to N in another
10lm. The laser collides with the plasma at x¼ 0 with a
laser intensity of 7:8 1023 W=cm2 (calculated using
FWHM values). As expected, the electrons (green to black)
are accelerated upon collision with the laser (blue and red)
and driven around and through the laser pulse. Some elec-
trons are trapped behind the pulse and are accelerated to
very high energies, c  104. These electrons oscillate
behind the laser, emitting radiation in the laser propagation
direction.
We calculate the energy loss due to the radiation reac-
tion force for the particles using the Landau-Lifshitz expres-
sion (4), and the sum of this energy loss for all particles is
compared to the sum of the emitted synchrotron radiation for
all time steps. As seen in Fig. 3, there is a very good
FIG. 2. Wakefield simulation, green-black showing the electron density and
red-blue the y-component of E-field in the laser. The picture is taken at
0:54 ps when the laser has moved 160lm into the plasma.
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agreement between these two independent calculations,
throughout all stages of this simulation.
Looking at a typical angular distribution of the emitted
energy, Fig. 4, we see one contribution in the center, and
another part at a greater angle from the center. The central
one is due to the accelerated electrons in the electron bunch,
which are oscillating about the laser propagation direction.
The radiation at a greater angle is due to the acceleration of
the electrons in the laser front. There is a clear dependence
of the laser polarization in the azimuthal angle of this, with
the polarization of the laser being in the up-down direction.
VII. CONCLUSIONS
We have developed a simple, yet accurate, method of
emitting high energy photons in a particle-in-cell simulation
during runtime. Considering a particle to be in an instantane-
ous circular motion, we use the effective magnetic field
needed to produce such a motion to sample the synchrotron
spectra with a Monte-Carlo method. Furthermore, we do a
rigorous comparison to the mechanism of radiation reaction,
which is incorporated as a classical correction to the equa-
tions of motion through the Landau-Lifshitz model (this can
easily be extended to the quantum regime14). The simulated
emissions agree very well with the energy loss due to radia-
tion reaction in a laser-wakefield simulation and show an
expected angular distribution. All the calculations have been
performed for moderate to very high intensities, the latter
relevant for next generation laser experiments. It has a large
validity span with applications in simulations of future high
intensity laser facilities, though now valid in the extreme,
full QED case. Finally, we have also been able to find a
method to reduce the noise in the computation of radiation
losses for laser-plasma interactions.
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